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∗
We investigate the non-universal behavior of the BCS-BEC rossover model at the normal to su-
peruid transition. By using a nite temperature quantum eld theoretial approah due to Nozières
and Shmitt-Rink and by making the eetive range expansion of the eetive two-body intera-
tion we numerially alulate the rossover transition temperature as a funtion of the sattering
length, aF , and the eetive range parameter, re. In an ultraold two-omponent atomi Fermi gas
BCS-BEC rossover physis is expeted to appear near magneti-eld-indued Feshbah resonanes.
By mathing two-body sattering properties near a Feshbah resonane to a simple renormalized
model potential, a broad resonane is haraterized by a small eetive range and the gas displays a
universal BCS-BEC rossover behavior. On the other hand, for a narrow resonane thermodynami
quantities depend the eetive range whih may be large and negative at resonane. For inreas-
ing values of −re we nd the transition temperature to be suppressed in the rossover region. We
furthermore argue for existene of a lower bound of Tc at xed oupling for inreasing −re in the
rossover region.
PACS numbers: 03.75.Ss, 03.75.Hh, 05.30.Jp
I. INTRODUCTION
The prospet of reating a fermion superuid in
trapped atomi Fermi gases using a magneti eld in-
dued Feshbah resonane has reeived muh experimen-
tal and theoretial attention in the past year. Reently
long-lived diatomi moleules of fermioni
6Li and 40K
[1, 2, 3℄, Bose-Einstein ondensation (BEC) of moleular
6Li2 and
40K2 dimers [4, 5, 6℄, rossover from a moleular
BEC to a degenerate and strongly interating Fermi gas
[7, 8℄, and ondensation of fermioni atom pairs [9, 10℄
have been reported. From measurements of the energy
gaps in the exitation spetrum [11, 12℄ and of the fre-
quenies and damping of ompressional olletive modes
as a funtion of the eetive atom-atom interation [8, 13℄
evidene is emerging that some of the experiments are al-
ready probing the superuid phase.
From a theoretial point of view the low temperature
atom gases with resonant interations have on the one
hand been desribed in terms of oupled boson-fermion
models where the atomi and moleular degrees of free-
dom have been treated separately but onstrained by to-
tal fermion number onservation. On the other hand, the
desription of superuid pairing in Fermi systems with a
varying oupling onstant has also been analyzed using a
generalized Bardeen-Cooper-Shrieer (BCS) variational
funtion at zero temperature [14℄ and by Green's fun-
tion methods at nonzero temperatures [15, 16℄ inlud-
ing expliitly only the fermioni degrees of freedom. In
the latter approah a boson-like two-body bound state
is formed at large ouplings and the system displays a
smooth transition from a gas of fermions whih under-
goes a phase transition to a BCS superuid to a gas of
∗
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bosons whih ondenses at the Bose-Einstein ondensa-
tion temperature.
In [17, 18, 19℄ it was argued that the universal rossover
model based on a stati ontat potential applies only
to broad Feshbah resonanes, and that for more gen-
eral potentials (e.g., potentials haraterized by the pres-
ene of a repulsive barrier) the solutions to the rossover
equations depend sensitively on the eetive range, whih
gives a measure of the energy dependene of the satter-
ing phase shift and transition matrix. Similar onlusions
were drawn in [20℄ based on a mirosopi ve oupled
hannels alulation of diatomi
6Li. In this study the
moleular Born-Oppenheimer potentials were adjusted
in order to reprodue the experimental resonane posi-
tions of the broad resonane at 822 G, the narrow res-
onane at 543G in addition to the zero rossing of the
sattering length at 533 G and the hyperne splitting
between F = 3/2 and F = 1/2 states. The eetive
range was extrated and found to be small and posi-
tive for the broad resonane and thus onsistent with the
standard BCS-BEC rossover model. In ontrast, the ef-
fetive range for the narrow resonane was found to be
large and negative. In relation to the two-hannel sat-
tering model derived from the boson-fermion models the
relation between the eetive range, re, at resonane and
the boson-fermion oupling onstant, gBF , was found to
be, re = −8pih¯4/(m2|gBF |2), where m is the mass of the
atoms and when negleting the bakground sattering
length [18℄.
In the present work we generalize the alulation of the
BCS-BEC rossover transition temperature to potential
models with nonzero eetive range. The paper is orga-
nized as follows: Setion II ontains a desription of the
nite temperature Green's funtion formalism [15℄ due
to Nozières and Shmitt-Rink (NS). Partly following [21℄
the thermodynami equations determining the transition
temperature and hemial potential are presented, and
2the renormalization of the T-matrix equation inluding
the eetive range expansion of the eetive interation
is explained. In Setion III the resulting equations are
numerially solved to determine the ritial hemial po-
tential and transition temperature in the rossover region
as a funtions of the eetive range.
II. BCS-BEC CROSSOVER MODEL
The BCS-BEC rossover problem has a long history
[14, 15, 16, 22℄ and it was reently revived in the ontext
of high-Tc superondutivity of the uprates. The generi
rossover problem has also found appliations in several
other areas where pairing orrelations are stronger than
in the BCS theory, e.g., the ase of a strongly interating
Fermi gas with large sattering length. Let us onsider
the grand anonial Hamiltonian, K = H − µN, of a
two-omponent atomi Fermi gas,
K =
∑
k,σ
ξka
†
kσakσ
+
∑
q,k,k′
Ukk′
V a
†
k+ 1
2
q↑
a†
−k+ 1
2
q↓
a−k′+ 1
2
q↓ak′+ 1
2
q↑,(1)
where a†kσ, akσ are the reation and annihilation oper-
ators for free atoms with momentum h¯k, energy εk =
h¯2k2/2m, the magnitude of the momentum k = |k|, with
the pseudospin index σ =↑, ↓ denoting one of the two
trapped hyperne spin states, and with m and µ being
the mass and hemial potential of the atoms, respe-
tively. The single atom kineti energy measured with
respet to the hemial potential is ξk = εk − µ, and the
momentum dependent Fourier transform of the real spae
inter-atomi interation is Ukk′ = U(|k − k′|) whih in
the rossover model with a bare attrative ontat inter-
ation has the onstant strength, Ukk′ = U. Due to the
singular nature of the ontat interation unphysial di-
vergenes arise in three dimensions. The divergenes may
be removed by a standard regularization proedure [23℄.
By relating the bare potential to the two-body satter-
ing length aF and the orresponding eetive strength,
U∗ = 4pih¯
2aF /m, the bare potential an be eliminated in
favor of the sattering length. This is formally aom-
plished by using the relation between bare and renormal-
ized strengths, U−1 = U−1∗ − 1V
∑
|k|<kc
(2εk)
−1, where
V is the volume of the system, and h¯kc is a momen-
tum uto. At xed aF it is a relation between U and
kc. The nal results beome nite and kc independent
by taking the limit kc → ∞ at the end of the alula-
tion. The 1/εk term regulates the divergene of the free
two-partile propagator. A similar proedure has been
applied to the general ase of model potentials with non-
zero range and is presented in detail in the next setion.
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Figure 1: Diagrammati struture of the equations for the
dressed nite temperature propagator G (thik arrow lines).
First line is the Dyson equation for the atomi propagator, the
seond line is the self-energy (shaded dis) derived from the T-
matrix approximation, where the T-matrix (shaded square) is
found from the integral equation in the third line. T0 (white
square) is the eetive two-body interation whih is found
after proper renormalization of the bare two-body interation
U (wiggly lines) by inverting the equation for T0 in the fourth
line. The non-interating propagators are represented by the
thin arrow lines, and the internal pair of fermions in the third
and fourth lines are the regularized pair propagator, χ˜, and
non-interating pair propagator, χ0, respetively.
A. Nonzero temperature Dyson equations
In the standard rossover model [14, 15, 16, 22℄ the
BCS gap equation is supplemented by an equation for the
number density. At xed partile density this is an equa-
tion for the hemial potential, whih in the BCS limit is
the Fermi energy, µ ≈ EF . In the BEC limit it is half of
the bound state energy, µ = −E0/2, with E0 = h¯2/ma2F .
In the nonzero temperature Green's funtion formulation
[15℄ of the rossover model the appearane of the bound
states with nite enter-of-mass momentum, q, at su-
iently large interation strength is aounted for by use
of the T-matrix approximation for the self-energy. The
T-matrix approximation diagrammatially orresponds
to a resummation of an innite series of partile-partile
ladder diagrams. By using methods of nonzero tempera-
ture Green's funtion theory the equations for the tran-
sition temperature and ritial hemial potential are de-
rived from the orresponding Dyson equation within the
T-matrix approximation,
G(k, ωn) = G0(k, ωn)+G0(k, ωn)Σ(k, ωn)G(k, ωn), (2)
with k being an atomi wave-vetor, ωn = (2n + 1)pi/β
is the fermioni Matsubara frequeny for integer n, and
where G0 and G are the noninterating and dressed nite
3temperature Green's funtions for the atoms, respetively
(see Figure 1 for a diagrammati representation). Unless
speied we use below h¯ = 1, kB = 1, and β = 1/(kBT )
for the inverse temperature. The self-energy Σ is eval-
uated in the ladder approximation and is onveniently
expressed in terms of the T-matrix whih is the sum of
ladder diagrams. In ompat notation the equation for
the many-body T-matrix T is T = U + UχT, where U
is the momentum dependent bare interation potential
and χ is the in-medium pair propagator. The produt
UχT is to be understood as a momenta onvolutions.
The onvolutions will in general give rise to angular in-
tegrals. However, in relation to Feshbah resonanes the
important physis resides in the energy dependene of
the T-matrix to whih we make a low energy expansion.
The angular integral an therefore be applied to the pair
propagator alone and the angular dependene vanishes
from the T-matrix equation. In general the T-matrix de-
pends on the two inoming partile momenta, k1,k2 and
two outgoing k′1,k
′
2. For the o-shell T-matrix there are
in addition dependene on two inoming ω1, ω2 and two
outgoing and ω′1, ω
′
2 partile energies. It is onvenient
to pass to relative momenta k,k′ and energies ω, ω′ and
total momentum and energy, q,Ω. For the on-shell to-
tal energy, Ω = ω1 + ω2 = εk1 + εk2 = 2εk + ε
B
q , with
the free fermion dispersion relation, εk = h¯
2k2/(2m), the
relative momentum in enter-of-mass frame is k = |k|,
the enter-of-mass momentum is q = |q| and the free
pair dispersion is εBq = h¯
2q2/(2mB)with mB = 2m. The
analytially ontinued, iΩν → Ω + i0+, in-medium pair
propagator is
χ(k,q,Ω) =
1
β
∑
ωn
G0(ξ+,Ω)G0(ξ−,Ω− ωn), (3)
where ξ± = ε±k+q/2 − µ. We taitly used the fat that
the T-matrix is independent of the relative Matsubara
frequenies. Let the two-body limit of the T-matrix be
denoted by T0 and the free two-partile propagator by
χ0. The orresponding two-body limit of the many-body
T-matrix equation then beomes T0 = U + Uχ0T0. The
renormalization proedure onsists of re-expressing the
T-matrix in terms of two-body quantities whih on the
other hand an be expressed diretly in terms of the sat-
tering phase shift of the two-partile wave funtion in
relative oordinates. Heuristially, we may dene L from
the equation U = (1 − χ0)T0 ≡ LT0 and therefore nd
T = L−1LT = L−1(T − χ0T ) = L−1U(1 + (χ − χ0)T ).
Hene, after eliminating the bare interation the T-
matrix equation beomes
T = T0 + T0(χ− χ0)T. (4)
The o-shell two-body T-matrix T0(k) is related to
the two-partile o-shell sattering amplitude f(k), as
T0(k) = −4pih¯2f(k)/m = −[g(k) + ik]−1, where we
introdued the relative momentum of the two ollid-
ing atoms, k =
√
mE =
√
m
(
Ω− ξBq
)1/2
and where
for small momenta the funtion g(k) = k cot δ0 an be
expanded in relative energy ∼ h¯2k2/m. Thus, g(k) =
−a−1F + rek2/2 + . . . , where aF is the sattering length
of the fermions, and reis the eetive range. The shape-
independent approximation applied here onsists of us-
ing only the two rst expansion oeients whih har-
aterizes the potential by its depth and range, but is
more generally also a valid approximation for multihan-
nel sattering problems. For model potentials the shape
dependene is reeted in the signs and magnitudes of the
higher order expansion oeients. The eetive range
has dimension of length and is for an attrative mono-
toni potential at resonane, aF → ±∞, the range of
the inter-atomi potential. For the resonane phenom-
ena onsidered here the eetive range an be large and
negative. Inserting the low energy expansion of g(k)
into the sattering amplitude, f(k) = k−1eiδ0 sin(δ0) =
(−a−1F +rek2/2−ik)−1, the two-body T-matrix beomes,
T0(k) = −(4piaF /m)(1 − reaFk2/2 − ik)−1. Adding and
subtrating 1/2εk′ in Eq. (4) and using the identity
ik =
1
V
∑
k′
(
χ0(k
′,q,Ω)− 1
2εk′
)
, (5)
the free two-partile pair propagator, χ0, an be elimi-
nated from the problem. After inserting the expression
for ik into the Eq. (4) the inverse eetive interation
an be dened as
U−1∗ (k) = −
m
4pih¯2
(
1
aF
− 1
2
rek
2
)
. (6)
By solving the T-matrix equation the expression for the
inverse T-matrix beomes
T−1(q,Ω) =
(
U−1∗ (E)− χ˜(q,Ω)
)
, (7)
where the regularized nonzero temperature in-medium
pair propagator is,
χ˜(q,Ω) =
1
V
∑
k′
(
χ(k′,q,Ω)− 1
2εk′
)
. (8)
The Matsubara sum in χ(k′,q,Ω) is evaluated by turn-
ing the sum over Matsubara poles into a ontour inte-
gral using standard tehniques [23℄. The regularized pair
propagator χ˜ then beomes
χ˜(q,Ω) =
1
V
∑
k′
1− nF (ξ+)− nF (ξ− − Ω)
ξ+ + ξ− − Ω −
1
2εk′
,(9)
where nF (ξ) = (e
βξ + 1)−1 is the Fermi-Dira distribu-
tion funtion. At a later stage we are going to make
a low q,Ω expansion of χ˜ and therefore keep the Ω in
nF in the numerator [24℄. For ertain values of β and
µ the pair propagator χ˜ an be alulated analytially,
but it is generally evaluated by numerial integration.
The angular dependene x ≡ cos θ = k′ · q/k′q is absent
4in the denominator and the angular integration an be
arried out analytially in the numerator. The regular-
ized pair propagator thus redues to a one dimensional
integral over the magnitude of the relative momentum.
After renormalization and making the eetive range ex-
pansion the equation for the T-matrix is of the same form
as in the orresponding equation obtained from the bare
ontat potential with the only dierene being the en-
ergy dependene of the eetive interation, U∗ → U∗(E)
where E = h¯2k2/m. Having obtained the expression for
the T-matrix the self-energy beomes
Σ(k, ωn) =
1
βV
∑
q,Ων
T (q,Ων)G0(q− k,Ων − ωn), (10)
where Ων = 2pin/β for integer ν are the bosoni Matsub-
ara frequenies.
To loate the transition temperature we apply the
Thouless riterion [25℄ whih states that the transition
to the superuid state is found from the singular be-
havior of the T-matrix in the long wavelength and low
energy limit. At Tc the Thouless riterion is equiva-
lent to the gap equation. For a xed number of atoms
and at the transition temperature the rossover equa-
tions are then T−1(q,Ω) = 0 for q → 0 and Ω → 0 to-
gether with the equation for the partile number onser-
vation. In order to alulate the partile number density
n = N/V self-onsistently we use the thermodynami re-
lation, N = −∂µΩ, where Ω is the grand anonial poten-
tial, e−βΩ = Tr
[
e−βK
]
, traing over all degrees of free-
dom. At the transition the result for the normal phase is
still valid and the thermodynami potential an be found
from the Luttinger-Ward expression for the grand poten-
tial
Ω[G,Σ] = Φ[G]− 1
βV
∑
k,ωn,σ
eiΩν0
+ [
ln(−G−10 +Σ) + ΣG
]
,
(11)
where the physial dressed Green's funtion G(k, ω) for
the atoms and the self-energy Σ(k, ωn) are found from
the stationary points of Ω with respet to variations of
both G and Σ. Here, δΩ/δΣ = 0 yields the Dyson equa-
tion Eq. (2) and δΩ/δG = 0 links the self-energy, Σ, to
the funtional Φ whih is the generating funtional for
the skeleton graphs and is here onstruted in order to
generate the ladder approximation by funtional dieren-
tiation, Σ = 1
2
δΦ/δG [26℄. In the ladder approximation
Φ =
1
βV
∑
q,Ων
ln(1 − U∗χ). (12)
A self-onsistent treatment of the zero eetive range
rossover problem has been presented in [21, 27, 28℄. We
have employed a non-selfonsistent approah where the
dressed Green's funtions in the pair propagator and the
self-energy has been replaed by G0 and whih is equiva-
lent to the funtional integral approah of [16℄. In this ap-
proximation the grand anonial potential takes the form,
Ω = ΩF0 +δΩ, with Ω
F
0 =
∑
k,ωn,σ
eiωn0
+
lnG0(k, ωn)/βV
and δΩ =
∑
q,Ων
eiΩν0
+
lnT (q,Ων)/βV [25℄.
III. TRANSITION TEMPERATURE
In a BCS superuid the dispersion relation for the
quasipartile exitations is, Ek = (ξ
2
k+∆
2)1/2, and whih
displays an energy gap, ∆ ∼ U〈ψψ〉, with 〈ψψ〉 being a
anomalous thermal orrelator. Due to the energy gap in
the single partile spetrum thermodynami and trans-
port quantities, suh as the heat apaity and thermal
ondutivity, may beome exponentially suppressed in
the superuid phase and may therefore be used as ther-
modynami signatures of the phase transition. Apart
from suh quantities being diult to observe diretly in
a trapped atom gas there are in a strongly interating
Fermi gas additional ontributions to the quasipartile
gap whih may further ompliate the identiation of
the superuid transition from suh observables. A sim-
ple way to see the appearane of suh a non-BCS gap
ontribution at zero temperature is to note that the gap
in the quasipartile spetrum is the minimum of Ek over
all k's. In the BCS limit the hemial potential is positive
and approximately the Fermi energy, and the gap is ∆
for k = kF . By ontrast when the hemial potential be-
omes negative on the BEC side the minimum is shifted
to k = 0 for the gap (µ2 + ∆2)1/2 [14℄. The appearane
of µ in Ek is related to the moleular degrees of freedom
whih also ontribute to the gap at higher temperatures.
A. Sattering length only
Let us initially onsider the zero range limit, re = 0,
whih results in the standard BCS to BEC rossover of
a Fermi gas with ontat interation [15, 16℄. The tran-
sition temperature Tc = 1/βc and the hemial poten-
tial µc are at the transition determined from the Thou-
less riterion, limq,Ω→0 T
−1(q,Ω) = 0, together with the
number density equation, n = nF0 (β, µ)+δn(β, µ), where
the fermion ontribution is nF0 (β, µ) =
∑
k,σ nF (ξk)/V .
The utuation term δn derived from the ladder self-
energy ontribution to the thermodynami potential is
δn(β, µ) = −∑q∑Ων ∂µ lnT (q,Ων)/βV . To simplify
the alulation of the bosoni number density we follow
[16, 24, 29, 30, 31℄ and make a low energy and long wave-
length expansion of the inverse T-matrix
T−1(q,Ω) = Z(Ω− εBq − µB), (13)
where iΩν → Ω before frequeny expansion, the mole-
ular dispersion relation is εBq = h¯
2
q2/2m∗B with m
∗
B
being the renormalized boson mass, the wave funtion
renormalization onstant Z = Z(β, µ), the eetive bo-
son mass m∗B = m
∗
B(β, µ) and the bosoni hemial po-
tential µB = µB(β, µ) are found from the low order en-
ergy and momentum expansion oeients of χ˜ together
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Figure 2: The transition temperature for re = 0 on the BEC
side of the rossover is plotted as a funtion of the inverse
oupling onstant from the full alulation (full urve) and
the orresponding result (dashed urve) obtained from the ex-
pression for the transition temperature for the non-interating
BEC with the numerially alulated eetive boson mass.
The inset shows the rossover behavior of the eetive bo-
son mass in units of the fermion mass in the whole rossover
region.
with U−1∗ (k). Re-expressing the frequeny integration as
a standard sum over bosoni Matsubara frequenies δn
beomes
δn(β, µ) =
1
V
∑
q
nB(ξ
B
q )(−∂µξBq ), (14)
where ξBq = ε
B
q − µB , and nB(ξ) = (eβξ − 1)−1 is the
Bose-Einstein distribution funtion.
Before we turn to the results of the numerial al-
ulations we note that the results for the uniform ase
with a ontat potential are well-known: In the weak
oupling limit as (kFaF )
−1 → −∞ the Fermi gas is ex-
peted to make a transition at the transition temperature
Tc = (8e
γ−2/pi)TF e
−pi/2kF |aF |
to a pair-orrelated BCS-
state, where the Fermi temperature is, TF = EF /kB,
and γ = 0.57721 . . . is the Euler-Masheroni onstant.
For a uniform noninterating two-omponent Fermi gas
with the Fermi energy EF the orresponding Fermi
wave vetor is kF = (2mEF /h¯
2)1/2, and the parti-
le density is n = k3F /3pi
2
. As the inverse satter-
ing length is inreased strong oupling eets appear
and when (kFaF )
−1
passes through zero from below
a two-body bound (moleular) state appears, and the
fermioni states hybridize with the moleular states.
When the inverse sattering length is inreased further
(kF aF )
−1 → ∞ the Fermi surfae smears out (whih
an be seen by inspetion of the momentum distribu-
tion) and a moleular Bose gas is formed whih under-
goes Bose-Einstein ondensation at the transition tem-
perature TBEC = (h¯
2/2mkB)2piζ(3/2)
−2/3(n/2)2/3 ≈
0.218TF . Between the two limits the system smoothly
rosses from BCS-like behavior to BEC-like behavior in
the region, −1 <∼ (kF aF )−1 <∼ 1. In the BEC limit where
the fermion ontribution vanishes δn redues to twie
the boson density obtained from the Bose-Einstein dis-
tribution, δn(β, µ) = 2
∑
q nB(ξ
b
q)/V , for bosons with the
mass twie that of the atoms, m∗B = mB = 2m.
The problem of numerially solving the pair of equa-
tions n = n0 + δn and T
−1(0, 0) = 0 for βc and µc was
solved iteratively using multidimensional root solvers im-
plemented in [32℄. At eah iteration the momentum inte-
grals appearing in Z,m∗B, δn, µB and in the µ derivatives
appearing in the number equation were numerially inte-
grated using appropriate adaptive quadrature algorithms
[33℄ also reimplemented in [32℄. The numerial results for
the zero eetive range rossover are presented in Fig. 3
(full urve) and show a smooth rossover with hara-
teristi Tc peak near the zero of the hemial potential
and qualitatively in agreement with previous alulations
[15, 16℄.
For a weakly interating Bose gas there are a num-
ber of orretions due to ritial utuations lose to Tc
with the leading term being linear and positive in the
bosoni gas parameter ∝ kFaF and indiating a peak
in Tc. Mean eld orretions to the transition temper-
ature for a weakly interating Bose gas with nonzero
eetive range give rise to a leading orretion term
whih is negative and ubi in the gas parameter and
thus indiates absene of peak in Tc. However, the non-
selfonsistent Gaussian model presented here inludes
none of the above mentioned boson-boson eets and the
orretion to Tc observed on the BEC side here is due
to an externally indued hange of the moleular binding
energy E0. When (kF aF )
−1
is lowered by inreasing the
strength of the eetive interation the binding energy
goes down and the moleules dissoiate more easily at a
xed temperature and in addition the fermion states be-
ome populated. The oupling to the fermions also gives
rise to a renormalized boson mass, m∗B < mB, where the
bare boson mass is mB = 2m. Therefore the ideal Bose
gas ondensation temperature is shifted to higher values,
Tc = TBEC + δTBEC where δTBEC/TBEC ∝ |δmB |/mB
for dereasing eetive mass, δmB = m
∗
B − mB as
(kFaF )
−1
inreases. In Figure 2 the transition temper-
ature in the BEC limit is plotted as a funtion of the
(kFaF )
−1
using the numerially alulated Tc (full urve)
and using the ideal Bose gas expression for the transition
temperature with T ∗c ≡ T ∗BEC ∝ 1/m∗B using the numer-
ially alulated eetive mass m∗B. The inset in Figure 2
shows the eetive mass m∗B identied from the asymp-
toti behavior of the T-matrix, see Eq. (13). The ee-
tive mass beomes as expeted twie the fermion mass in
the BEC limit, but no attempt was made to deompose
δn into partial ontributions. Thus, the eetive boson
mass beomes a hybrid objet in the rossover region
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Figure 3: The BCS-BEC rossover transition temperature of
the homogeneous Fermi gas as a funtion of the inverse ou-
pling onstant, −2 ≤ (kF aF )
−1
≤ 2, for several values of the
eetive range parameter kF re. The zero range result (full
urve) orresponds to the usual Tc urve for the rossover. For
inreasing values of the −kF re the transition temperature is
suppressed in the rossover region. In the inset we harater-
ize the small eetive range to large eetive range rossover
by plotting the half-density rossing point in (kF aF )
−1
as a
funtion of the −kF re. The urve shows a shift in the position
of the rossing to lower ouplings for inreasing −re.
without lear physial interpretation as a single partile
mass.
B. Eetive range expansion
As indiated in the introdution narrow Feshbah reso-
nanes an be mimiked by an interation potential with
large and negative eetive range. To aount for suh a
situation the zero eetive range ontat potential must
be replaed by a potential with nonzero range. How-
ever, for monotoni and attrative potentials the eetive
range is at resonane the averaged mirosopi range of
the potential and thus positive [34℄. For potential models
the eetive range an be related to the struture of the
interation potential and an be negative in the presene
of repulsive ores or barriers. In the latter ase onsid-
ered here the negative eetive range is related to the res-
onane physis of potentials with barriers. For a poten-
tial with a barrier quasi-bound states may appear whih
have a nite lifetime and thus deay into the ontinuum
states. In the zero temperature alulation [17, 35℄ it was
suggested to mimi the presene Feshbah resonanes by
using a two-body square well with a square barrier model
potential in plae of the ontat potential. In ontrast
we use the renormalized rossover equations of Setion
II and the numeris of subsetion IIIA to examine the
eet of the energy dependent eetive interation
U∗(k) = −4piaF
m
(
1− 1
2
reaFk
2
)−1
(15)
on the transition temperature for values of the eetive
range −kF re ranging from small to large and positive.
In Figure 3 the numerial results for the tran-
sition temperature for several values of −kF re =
1, 2, 4, 8, 16, 32, 128 are plotted as a funtion of the
(kFaF )
−1
together with the zero range re = 0 result
(full urve). For a broad resonane with vanishing kF re
the usual zero eetive range result is obtained. In the
rossover region the transition temperature is sensitive
to the eetive range and the peak in Tc beomes sup-
pressed for inreasing values of−kF re. In the BCS (BEC)
limit a negative re shifts the eetive interation to lower
(higher) values orresponding to a lower transition tem-
perature whih is onsistent with the derease in Tc for
inreasing −re at xed aF . Furthermore, it is seen that
the energy dependene of the eetive interation is only
important in the rossover region for −kF re >∼ 1. The
small value of the parameter (kF aF )(kF re) the energy
dependene of U∗ is suppressed and therefore both the
asymptoti BCS and BEC limits are reovered even for
large kF re.
It is tempting to ompare our result to the orre-
sponding alulation of Tc for the atom-moleule Hamil-
tonian. In [36, 37℄ the transition temperature was al-
ulated as a funtion of the detuning ν for a homoge-
neous Fermi gas both for weak inter-hannel oupling
gBF = 0.6EF and for strong oupling gBF = 20EF .
In addition to an expliit ontribution to the number
equation arising from the bosoni degrees of freedom,
the eetive interation appearing in the Thouless ri-
terion also inludes the eet of repeated fermion-boson
sattering in addition to the fermion-fermion satter-
ing, U∗(q,Ων) = UFF − g2BFD0(q,Ων), where UFF is
the inter-fermion oupling strength, gBF is the boson-
fermion oupling strength, D=10 (q,Ων) = (iΩν−ξBq )−1 is
the free moleule propagator, ξBq = h¯
2q2/(2mB)−2(µ−ν)
is the bare moleule dispersion relation. For small ou-
plings orresponding to a large and negative eetive
range Tc was found to inrease monotonially from the
BCS to the BEC limit. In the opposite limit of large
ouplings orresponding to a small eetive range a pro-
nouned peak lose to threshold appears. These results
are onsistent with the trends found in the present alu-
lation. It is also interesting to ompare the result to the
transition temperature obtained for a mixture of fermions
and long-lived bosons (narrow resonane ase) with the
total density onstrained by total fermion number on-
servation, and with mB = 2m. By deomposing the total
density into three ontributions, n = nF0 +2n
B
0 + δn˜, and
by negleting δn˜ when solving the rossover equations, a
monotonially inreasing Tc is found whih appears to be
the Tc urve in the large −re limit. The eetive range
indue a uto in the momentum integrations and thus
7redues the inuene of high momentum modes. This
dereases the eet of the utuations and leads to a
suppression of Tc whih is again onsistent with the in-
terpretation of the large Tc peak being due to Gaussian
ututations. To haraterize the 'rossover' from small
re behavior to large re behavior we notie that at a xed
kFaF the fermion ontribution to the total density be-
omes suppressed for inreasing −re due to derease in
the hemial potential in the rossover region. Therefore,
the half-density rossing point of the partial densities,
nF0 = δn =
1
2
, is shifted to the BCS side. The inset in
Fig. 3 shows a semilogarithmi plot of the half-density
rossing point as a funtion of kF re. As value of the ef-
fetive range is inreased the rossing point shifts from
(kF aF )
−1 ≈ −0.07 for re = 0 to (kFaF )−1 ≈ −0.5 in the
large −re limit where the dependene on the eetive
range is expeted to drop out. Therefore, the transition
temperature appear to have a lower bound at xed ou-
pling for large −re when negleting high order terms in
the expansion of k cot δ.
It is to be noted that the urrent alulation does not
aount for i) the indued interations due to vertex or-
retions whih redue Tc by a fator of 2.2 in the BCS
limit [38℄. ii) the residual boson-boson and boson-fermion
interations whih are haraterized by the boson-boson
sattering length, aB, and the boson-fermion sattering
length, aBF , on the BEC side as reently found from
solving three and four-body problems [39℄. Let us nally
mention that to the extent that many-body physis is
important to the rossover problem it must be stressed
that many theoretial issues, e.g., non-zero eetive range
alulations, renormalization of oupling onstants, in-
lusion of higher order diagrammati ontributions, and
generalization to pairing states in higher angular momen-
tum hannels, are easier to handle within the single han-
nel potential model.
IV. SUMMARY
We presented the renormalized T-matrix equation
whih allowed the non-zero eetive range BCS-BEC
rossover equations at the transition to be formulated
diretly in terms of two-body sattering properties, the
sattering length and the eetive range. By mathing
the sattering properties of the generalized single-hannel
BCS-BEC rossover model with the two-hannel Fesh-
bah resonane atom-moleule model it was argued that
the internal energy sale of a resonane translates into to
the eetive range of the potential model. Broad reso-
nanes orrespond to a small eetive range and for nar-
row resonanes the eetive range beome large and neg-
ative. By using the NS rossover equations with the self-
energy derived from the ladder approximation we numer-
ially alulated the superuid transition temperature of
the generalized BCS-BEC rossover model as a funtion
of the two-body sattering length and found Tc to be
suppressed in the rossover region for inreasing values
of −kF re.
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